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Abstract: We deepen the analysis of the cosmological acceleration produced by quantum

gravity dynamics in the formalism of group field theory condensate cosmology, treated at

the coarse-grained level via a phenomenological model, in the language of hydrodynamics

on minisuperspace. Specifically, we conduct a detailed analysis of the late-time evolution,

which shows a phantom-like phase followed by an asymptotic De Sitter expansion. We

argue that the model indicates a recent occurrence of the phantom crossing and we ex-

tract a more precise expression for the effective cosmological constant, linking its value to

other parameters in the model and to the scale of the quantum bounce in the early uni-

verse evolution. Additionally, we show how the phantom phase produced by our quantum

gravity dynamics increases the inferred value of the current Hubble parameter based on

observed data, indicating a possible quantum gravity mechanism for alleviating the Hubble

tension. Our results represent a concrete example of how quantum gravity can provide an

explanation for large-scale cosmological puzzles, in an emergent spacetime scenario.
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1 Introduction

Any complete quantum gravity theory must reproduce conventional spacetime descrip-

tions governed by General Relativity (GR) [1] and effective quantum field theory (QFT).

This requirement proves more straightforward for approaches building on established field-

theoretic structures (e.g., asymptotic safety [2] or string theory [3]) compared to frameworks

postulating fundamentally non-spatiotemporal entities, such as tensorial group field the-

ories (TGFTs) [4–10], and a specialized class of them, often called group field theories

(GFTs) [11]. The latter face the significant challenge of spacetime emergence [12], where

difficulty increases with the conceptual distance between fundamental constituents and

classical spacetime notions.

One way to ease the difficulty of recovering classical spacetime is to focus on space-

times with certain symmetries, such as spherically symmetric [13–15] and homogeneous [16]
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spacetimes. The latter leads to GFT condensate cosmology [16–23], which seeks cosmo-

logical predictions from GFTs by studying hydrodynamic approximations of quantum dy-

namics, particularly focusing on condensate states. This approach models the universe as a

quantum fluid of GFT quanta. Recent work demonstrates that mean-field approximations

can yield physically significant results, including derivation of hydrodynamics on minisu-

perspace [23] – a framework connecting quantum gravity effects to cosmology. Our previous

analysis [24] showed how late-time cosmic acceleration emerges naturally in this scheme.

The present work extends these results through detailed examination of the acceleration

phase, especially the modifications to the ΛCDM model.

As a standard model in cosmology, the ΛCDMmodel is very successful in describing the

evolution of our universe using only a few parameters [25], and the cosmological constant

can indeed be seen as just another constant of nature as far as classical GR is concerned,

contributing to the vacuum energy of the universe. However, the magnitude of the observed

cosmological constant is much less than what one would expect, either compared to the

vacuum energy from particle physics [26], or to the value that would be obtained from the

renormalization flow of gravity [27]. This is one traditional way of seeing the cosmological

constant problem [27]. There are many ideas to address the problem formulated in this

way. For example, one may object that the particle vacuum energy shouldn’t be the source

of Λ, as what can be observed is differences between energies and not the absolute energy

itself [28]. Or in unimodular gravity (classically equivalent to GR), we can take Λ as an

integral constant that is not subject to quantum fluctuations [29, 30]. More generally, one

could be wary of importing straightforward QFT reasoning in the gravitational sector, since

we lack a coherent framework for quantum fields coupled to quantum gravity, or argue that

only a proper non-perturbative treatment of gravity in the quantum domain could clarify

fully the physics of the cosmological constant.

However, despite its successes, the ΛCDM model faces mounting challenges from re-

cent observational data. Supernova studies, for instance, suggest the possibility of a current

phantom phase [31–33], characterized by an equation of state (EoS) parameter w < −1,

a scenario inconsistent with the ΛCDM framework. Further tension arises from the Hub-

ble constant (H0): values inferred from the CMB [25] are systematically lower than those

derived from local distance-ladder measurements [34, 35]. This H0 discrepancy has been

interpreted as potential evidence for a late-time phantom phase in cosmic expansion [36–

39]. Although the recent DESI results indicate that the current value of the EoS parameter

w should be greater than −1 [40, 41], the presence of a phantom phase in the evolution

history is also necessary [41], which suggests that the dark energy might be dynamical.

Collectively, these findings underscore the need to revise the standard cosmological expan-

sion history, particularly its late-time evolution [42, 43], going beyond a constant vacuum

energy component, i.e. a cosmological constant. They represent an important motivation

for our work.

In previous work, we have shown that a late-time accelerating expansion can emerge

rather naturally from quantum gravity theory, in GFT condensate cosmology [24]. In

fact, one can obtain a phantom-like phase without introducing any phantom field, but

from the purely quantum gravity effects, in an emergent spacetime scenario. Even though
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recent DESI results favor w > −1 at low redshifts [40, 41], the possibility of systematic

discrepancies between observational datasets cannot yet be ruled out [44]. Therefore, it

remains legitimate to consider models in which w < −1 today, as is the case in our GFT

framework.

In this contribution, we take a further step toward bridging our previous results with

cosmological observations, analysing in more detail the cosmological dynamics extracted

from the quantum gravity model. In particular, among other findings, a) we extract the

precise expression for the asymptotic cosmological constant as a function of the parameters

of the model and of the condensate state; b) we show that the phantom phase will not last

long (in cosmological scales) before the universe enters a de sitter regime (hence, if we are

experiencing a phantom phase now, the phantom crossing must have happened recently);

c) we extract some observational consequences of the phantom phase, and using methods

from [38], we show that its occurrence increases H0, the current value of Hubble parameter,

inferred from cosmological evolutions.

As in our previous work, we also focus on the two-modes∗ correction to the single-mode

condensate, where the additional mode will introduce a phantom phase (EoS w < −1)

to the evolution. In principle, one can also include more than two modes of the GFT

condensate in the dynamics, but the asymptotic behaviour (see equation (3.4)) of the

interacting GFT condensate shows that other modes will not alter the phantom behaviour,

just as the second mode will not modify the asymptotic de Sitter phase (where w = −1)

determined by the single mode model. This is because the condensate dynamics leads to

the progressive late-time dominance of the lowest condensate modes.

It’s also worth emphasising that we are still a step away from connecting our results

to the actual cosmological observations. The main limitations are, first, that currently

we are not able to incorporate matter fields such as radiation and non-relativistic matter

into the GFT formalism, without which we cannot model the cosmological evolution in full

detail with realistic matter components, and thus compare with the ΛCDM model; second,

for similar reasons, we are not yet able to provide precise estimates of the redshift at

which cosmological events take place. None of these two obstacles is a matter of principle,

but rather a temporary technical difficulty, thus we think that the gap can be closed in

the near future. Nevertheless, the late-time evolution is dominated by the cosmological

constant rather than the non-relativistic matter, and hence in late time we can focus on

GFT and ignore other kinds of matter fields. Our result shows that in the GFT formalism,

the cosmological evolution contains a phantom phase which increases H0.

The paper is organized as follows. In section 2, we give a brief introduction of GFT

and its cosmological sector, described by hydrodynamics on minisuperspace. Section 3

summaries our previous results on the behaviour of effective equation of state (EoS). Then

in section 4, we discuss how to obtain the minimal value of EoS, i.e. the deep phantom

regime and its location. The last part of section 4 shows the relation between the effective

cosmological constant and parameters of the quantum gravity GFT. Section 5 proposes a

definition of redshift z in the GFT formalism, which allows us to analyse more quantita-

∗ The precise meaning of ’modes’ will become clear when we introduce the GFT formalism in section 2.
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tively the expansion history of the universe and the effects on the current value H0 of the

Hubble parameter. Finally, in section 6, we summarize our result and point out several

possible directions for future investigations.

Throughout the manuscript, natural units (c = ℏ = 1) are used unless specified.

2 GFT condensate cosmology

In this section, we provide a brief overview of the basics of the TGFT formalism, with

a focus on quantum geometric models (i.e., GFTs) for 4d quantum gravity, specifically the

elements upon which the extraction of cosmological dynamics is based. We aim to include

only the key ingredients necessary for the immediate context of this work. For a more

detailed introduction to TGFTs, we refer the reader to existing reviews [4, 6, 45]. For the

foundational aspects of GFT cosmology, we recommend the original works [16, 17, 46, 47],

along with the reviews [18–20]. Additionally, works such as [21, 22] explore the use of

coherent peaked states for studying relational observables and their dynamics, which are

relevant to the current research.

2.1 Group field theory formalism

GFTs are quantum field theories (QFTs) defined on multiple copies of a Lie group

G, replacing the spacetime manifold that serves as the base in conventional QFTs. These

theories encode, through their fields and conjugate variables, the quantum geometric data

required to reconstruct spacetime geometry and its physical degrees of freedom. In 4d

quantum gravity models, for instance, the fundamental field is a tensorial complex-valued

function φ : G×4 → C, φ(gv) = φ(g1, · · · , g4), where the rank of the tensor (here 4)

corresponds to the spacetime dimension being modeled [4]. Crucially, GFTs are formulated

as field theories of spacetime—describing the kinematics and dynamics of its fundamental

constituents—rather than QFTs on a pre-defined spacetime background. The elementary

quanta of a GFT are combinatorial 3-simplices (tetrahedra) labeled by group-theoretic

data (see figure 1), which encode their intrinsic quantum geometry. These tetrahedra are

typically interpreted as spacelike building blocks of quantum geometry. Quantum states

and boundary conditions in these models are then represented by configurations of such

quanta, analogous to Fock states in many-body quantum systems.

In existing Lorentzian-signature quantum gravity models, including the much studied

EPRL model as well as the BC model [17, 48, 49]∗, the group G is typically chosen

as the double cover of the Lorentz group, i.e., G = SL(2,C), or its rotation subgroup

SU(2), which arises in symmetry-reduced or Euclideanized settings. Dynamical constraints

in these models ensure that the group-theoretic data admit a geometric interpretation,

often aligning with discrete analogues of Einstein’s equations or spin foam dynamics. This

allows mappings between formulations based on SL(2,C) and SU(2), despite their differing

geometric roles [50–53]. For greater simplicity and to align with widely studied models, we

∗ We refer here to their GFT formulation, which provide a completion of the spin foam amplitudes for

individual complexes, since this is the language used in the following analysis.
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adopt G = SU(2) in the following discussion. Further details on geometric constraints and

group-theoretic interpretations can be found in the cited literature.

j4

j3

j2

j1

ι

(a) 4-valent vertex

j4

j3

j2

j1

ι

(b) Dual tetrahedron

Figure 1. 4-valent vertex of a spin network and its dual tetrahedron. Each link i incident to

the vertex is associated with a spin ji of the SU(2) group, and the vertex itself is labelled by the

intertwiner ι; they determine the areas of the corresponding triangular faces and the volume of the

tetrahedron, respectively.

Second quantization. The field φ(gv) must satisfy geometric constraints that ensure

its consistency with the quantum geometry of spacetime. Specifically, the field is required

to be right-invariant, meaning that it satisfies the condition [17]

φ(gvh) = φ(g1h, g2h, g3h, g4h) = φ(gv), ∀h ∈ G, (2.1)

which implies that φ(gv) ∈ L2(G×4/G). This restriction is essential for the correct repre-

sentation of spacetime in the GFT formalism. Then we use a complete and orthonormal

basis for the Hilbert space L2(G×4/G). This basis is constructed from SU(2) Wigner repre-

sentation functions that are contracted by group intertwiners, resulting in what are known

as spin network vertex functions. At the second-quantised∗ level, the field φ(gv) can be

prompted to operators as following [58]

φ̂(gv) =
∑
x

ĉxκx(gv), φ̂†(gv) =
∑
x

ĉ†xκ̄x(gv), (2.2)

where κx(gv) are basis functions [58] whose exact form will not concern us in this work.

The annihilation operator ĉx and creation operator ĉ†x act to create and annihilate spin

∗ This second-quantized formulation is not directly obtained by quantizing the classical GFT action using

standard canonical methods, due to the absence of an external time parameter, which is typically needed

for such methods. However, this timeless formalism can be understood in terms of standard canonical

quantization techniques from a ”frozen” perspective [54], where the GFT model is viewed as a constrained

system. Alternative ”deparametrized” canonical formulations of the same GFTs (after incorporating ad-

ditional ”matter” degrees of freedom, as discussed in later sections) also exist [55, 56]. For an insightful

recent review of this alternative construction of a Hilbert space structure for GFTs, see [57].
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network nodes (or equivalently, tetrahedra) labeled by x = (j,m, ι). These operators

satisfy the following commutation relations:[
ĉx, ĉ

†
x′

]
= δx,x′ , [ĉx, ĉx′ ] =

[
ĉ†x, ĉ

†
x′

]
= 0. (2.3)

The Fock vacuum state |0⟩, which represents a state with no spacetime structure

(neither geometrical nor topological), is defined by the condition ĉx |0⟩ = 0 for all x. By

acting repeatedly with the creation operator ĉ†x on the vacuum state, we can construct

the many-body states and lead to the extended topological structures,which captures the

pattern of entanglement between the fundamental degrees of freedom [59].

Next, we introduce the volume operator, which in its first quantized form is diagonal

in the spin network basis, with matrix elements that depend on the intertwiner label ι.

The second quantized version of the volume operator is obtained by convolving the matrix

elements of the first quantized operator with field operators, as is customary in quantum

many-body systems. We can express the volume operator as:

V̂ =
∑
x,x′

V (j; ι, ι′)δx−{ι},x′−{ι′}ĉ
†
xĉx′ . (2.4)

This construction follows the same pattern as the other quantum geometric and matter

operators in the theory.

Coupling to a scalar field. In quantum gravity models, incorporating matter degrees

of freedom is essential for ensuring physical viability. In diffeomorphism-invariant contexts,

a relational approach to defining time evolution is often employed. This method utilizes

internal dynamical degrees of freedom as a clock, with the evolution of other degrees of

freedom defined relative to it. In many applications, particularly in GFT cosmology, a

massless, non-interacting scalar field serves this clock role.

To introduce scalar matter into the formalism, we consider a single scalar field. These

scalar field degrees of freedom are integrated with the quantum geometric ones in the fun-

damental definition of the GFT model. The first step involves extending the GFT field

to a map φ : G×4 ×R → C, and subsequently, the GFT action is modified to include ap-

propriate couplings of the new degrees of freedom. The primary guideline for constructing

such extended dynamics mirrors that of pure geometry models: the GFT model is defined

so that its perturbative expansion yields a sum over simplicial complexes, each weighted

by a discrete path integral for gravity, now coupled to a massless, non-interacting scalar

field [16, 17, 60].

It’s worth emphasizing that, although the interpretation of these new degrees of free-

dom—similar to the quantum geometric ones—is shaped by their behaviour at the dis-

crete level, such as through GFT quanta and Feynman amplitudes, their true physical

significance and characteristics should be understood in terms of their effective roles in a

continuum framework. The goal of the GFT cosmology program is to derive these effec-

tive descriptions and gain a deeper understanding of the emergent physics within these

quantum gravity models.
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The dependence on the relational time ϕ will be kept as well after the quantization.

The commutation relation between annihilation and creation operators then read:[
ĉx(ϕ), ĉ

†
x′(ϕ

′)
]
= δx,x′δ(ϕ′ − ϕ),

[
ĉx(ϕ), ĉx′(ϕ′)

]
=
[
ĉ†x(ϕ), ĉ

†
x′(ϕ

′)
]
= 0.

Similarly, the definitions of other observables will also account for their dependence

on the scalar field degrees of freedom. For instance, the volume operator, which sums the

contributions from each GFT quantum, takes the following form:

V̂ =

∫
dϕ V̂ (ϕ) =

∫
dϕ
∑
x,x′

V (j; ι, ι′)δx−{ι},x′−{ι′}ĉ
†
x(ϕ)ĉx′(ϕ). (2.5)

The relational approach suggests defining a relational observable that corresponds to

the volume of the universe at a specific clock time, with the scalar field acting as the clock.

One possible initial definition is given by the quantity V̂ (ϕ), as shown in the expression

above. This definition has been used in several parts of the GFT cosmology literature. More

recently, an effective relational strategy has been introduced, where relational observables

are identified as the expectation values of generic GFT operators within appropriately

chosen ”clock-peaked” states [22]. We will present this effective strategy in more detail

after discussing the dynamical aspects of the theory. For a comprehensive construction

of relational observables within the GFT framework, and to understand the connections

between different definitions, we refer to [61].

Before we proceed, let us briefly comment on the role of the massless scalar field in

the cosmological evolution. In our model, the evolution is determined by both the matter

content and quantum gravity effects [17, 24]. Following an initial bounce dominated by

quantum effects, the universe enters a FLRW phase, where the dynamics are governed by

the massless scalar field, which has an EoS w = 1. At later times, quantum gravity effects

become dominant again, giving rise to a phantom phase and an asymptotic de Sitter phase

characterized by w = −1 [24].

Changing the relational clock—that is, replacing the massless scalar field with another

matter field—modifies the matter content of the universe and alters the intermediate evo-

lution. Nevertheless, the quantum effects are expected to dominate at late times, as long

as the matter field has an equation of state parameter w > 0. The inclusion of matter

fields in the GFT formalism is generally a challenging task. Therefore, in this work, we

restrict ourselves to using a massless scalar field as a relational clock.

Dynamics. Classically, the dynamics of a given GFT model are encoded in the action

S(φ̄, φ) =

∫
dgv1dgv2φ̄(gv1)φ(gv2)K(gv1 , gv2)

−
∞∑
n,m

λn+m

∫ (dgv)m(dhv)n m∏
i=1

φ̄(gvi)

n∏
j=1

φ(hvj )Vn+m(gv, hv)

 , (2.6)

where K(gv1 , gv2) and Vn+m(gv, hv) = Vn+m(gv1 , . . . , gvm , hv1 , . . . , hvn) are the kinetic and

interaction kernels, respectively. We use a notation inspired by quantum many-body

– 7 –



physics, which reflects the possibility of various interactions involving different numbers

of ’spacetime atoms’. For simplicity, we focus on the case where only pure quantum geo-

metric data are considered. In this context, the interaction kernels are generally non-local

with respect to the quantum geometric data, meaning that the field arguments are not

simply identified in these kernels. However, for the scalar field degrees of freedom are

introduced, the interaction kernels are local as usual in QFTs.

To get the quantum dynamics from the classical ones, one can consider the partition

function:

Z =

∫
DφDφ̄e−S(φ̄,φ),

from which the quantum equation of motion, i.e., the Schwinger-Dyson equations can

be derived by taking variations respect to the expectation value of any operator O(φ̄, φ)

[16, 18]:

0 =

∫
DφDφ̄

δ

δφ̄

(
O(φ̄, φ)e−S(φ̄,φ

)
=

〈
δO(φ̄, φ)

δφ̄
−O(φ̄, φ)

δS(φ̄, φ)

δφ̄

〉
, (2.7)

where the vacuum expectation value ⟨· · · ⟩ is defined as:

⟨O(φ̄, φ)⟩ =
∫

DφDφ̄O(φ̄, φ)e−S(φ̄,φ).

In the case of small quantum fluctuations, a mean-field approximation is expected to

be valid. At leading order, we only need to consider the simplest equation in the series of

Schwinger-Dyson equations: 〈
σ

∣∣∣∣∣δŜ(φ̂†, φ̂)
δφ̂†

∣∣∣∣∣σ
〉

= 0,

where |σ⟩ is expected to be an arbitrary state. In particular, the equations valid for

eigenstates of the field operator, i.e., we can take |σ⟩ such that φ̂(gv, ϕ) |σ⟩ = σ(gv, ϕ) |σ⟩
for some eigenfunction σ(gv, ϕ). And then the dynamics can be expressed as an equation

of motion for σ(gv, ϕ), which is derived from the effective action:

S(σ̄, σ) = ⟨σ|S(φ̂†, φ̂)|σ⟩. (2.8)

This effective dynamics, in terms of the GFT mean-field, encoded in the action ((2.8)),

takes the form of hydrodynamics on minisuperspace [23], due to the isomorphism between

the domain of the GFT field (in quantum geometric models) and minisuperspace (or the

space of geometries + matter fields at a point in continuum physics) [48, 62].

In practice, going beyond the hydrodynamic approximation also requires accounting

for quantum fluctuations. The effective action (2.8) implicitly assumes that

⟨σ|ĉ†x(ϕ)ĉx(ϕ)|σ⟩ = ⟨σ|ĉ†x(ϕ)|σ⟩ ⟨σ|ĉx(ϕ)|σ⟩ ,

which holds only for coherent states. For the true ground state |Ω⟩, however, one has

S = ⟨Ω|S(φ̂†, φ̂)|Ω⟩ = S(σ̄, σ) + χ2, (2.9)
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where χ represents the quantum corrections arising from fluctuations. These fluctuations,

however, are expected to be suppressed in the presence of a large number of GFT quanta,

which are required to recover the continuum limit. Moreover, for the ground state |Ω⟩ to
remain stable, we also expect χ2 to be suppressed over time. Therefore, at leading order,

the hydrodynamic approximation remains valid for the purposes of this work. A detailed

analysis of quantum fluctuations is certainly important, but lies beyond the scope of the

present manuscript and will be addressed in future works.

In the following, we will explore how this approximation plays out for a specific class

of condensate wavefunctions, leading to an effective definition of relational observables and

the emergence of cosmological dynamics.

2.2 GFT condensate cosmology

Coherent peaked states. In the framework of GFT cosmology, the evolution of the

universe is captured by the transformation of a spatial slice of spacetime, where this trans-

formation occurs with respect to relational time ϕ. To incorporate the dependence of

observables on the clock variable, we focus on states that are sharply peaked around a

specific relational time ϕ0 [22]. Furthermore, it’s also necessary for these states to support

the appropriate observables such that the continuum spacetime can emerge under suitable

limits [17]. These requirements naturally lead to the adoption of coherent peaked states

(CPS), which provide an effective framework for describing the dynamics at the quantum

geometric level:

|σε;ϕ0, π0⟩ = N (σ) exp

(∫
(dg)4dϕσε(gv, ϕ;ϕ0, π0)φ̂

†(gv, ϕ)
)
|0⟩ , (2.10)

with N (σ) is a constant responsible to achieve the correct normalization and |0⟩ is the

vacuum state. The condensate wavefunction σε(gv, ϕ;ϕ0, π0) is peaked on ϕ = ϕ0 and can

be written as [21]

σε(gv, ϕ;ϕ0, π0) = ηε(ϕ− ϕ0, π0)σ̃(gv, ϕ), (2.11)

where ηε(ϕ − ϕ0, π0) represents a peaking function, typically chosen as a Gaussian (see

equation (52) in [22]), centered around ϕ0 with a characteristic width controlled by ε.

The parameter π0 further governs the fluctuations of the operator corresponding to the

conjugate momentum of the scalar field ϕ. The reduced condensate function σ̃(gv, ϕ),

which serves as the primary dynamical variable in the hydrodynamic approximation, does

not alter the peaking behavior of the function σε(gv, ϕ;ϕ0, π0), which is dictated by the

peaking function ηε(ϕ − ϕ0, π0). Furthermore, it remains true that the condensate state

defined in (2.10) continues to be an eigenstate of the GFT field operator such that

φ̂(gv, ϕ) |σε;ϕ0, π0⟩ = σε(gv, ϕ;ϕ0, π0) |σε;ϕ0, π0⟩ . (2.12)

Furthermore, motivated by geometric considerations, we see that the condensation

wave condition should be invariant under both right and left diagonal group actions [16,

17, 22, 62], i.e., we need impose the following condition on σ(gv, ϕ) as well

σ̃(hgvk, ϕ) = σ̃(gv, ϕ), ∀ h, k ∈ SU(2). (2.13)
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Imposing isotropy. Recall that our goal is to derive the cosmological dynamics of ho-

mogeneous and isotropic universes from the hydrodynamics of the GFT condensate, with

the evolution of the universe’s volume serving as the primary observable. To achieve this,

we introduce an additional constraint on the condensate wavefunction, i.e., isotropy.

From the perspective of discrete geometry, as encoded in the GFT Fock space, this

implies that the wavefunction σ(gI , ϕ) must only have support over equilateral tetrahe-

dra [17]. This condition enforces the requirement that the spin labels (which correspond to

the areas of the boundary triangles) be equal, and the intertwiners should be chosen such

that the volume takes the largest value allowed by this choice of spins. Furthermore, taking

into account both left and right invariance, the condensate wavefunction then assumes to

be [17]

σ̃(gI , ϕ) =
∑
j

σ̃j(ϕ)Īj,ι+m Ij,ι+n d(j)2
4∏
l=1

Dj
mlnl

(gl), (2.14)

here j is a shorthand notation the collection of spins j = (j1, j2, j3, j4) = (j, j, j, j), and

similarly for m, n; Ij,ι+m represents the intertwiner labeled by ι, while d(j) = 2j + 1

is the dimension of the spin-j representation. The functions Dj
mlnl(gl) are the Wigner

representation functions. After these considerations, the time evolution of the isotropic

state is solely encoded in the function σj(ϕ) for each mode j. Additionally, recalling the

definition of the annihilation operator in equation (2.10), we have:

ĉx(ϕ) |σε;ϕ0, π0⟩ = ηε(ϕ− ϕ0, π0)σ̃j(ϕ)Īj,ι+m |σ⟩ , (2.15)

i.e., the action of ĉx with x = (j,m, ι) is non-vanishing only when the 4 spins are identical

j1 = j2 = j3 = j4 = j, as one should expect by the construction of the isotropic states.

Effective dynamics. Since the peaking function ηε(ϕ − ϕ0, π0) is usually chosen as a

Gaussian, the time evolution of the condensate can be traced once the reduced condensate

function σ̃(gv, ϕ) is known. At the mean-field level, the evolution of σ̃(gv, ϕ) is encoded in

an effective action, which takes the following form [22]:

S(¯̃σ, σ̃) =

∫
dϕ0⟨σε;ϕ0, π0|S(φ̂†, φ̂)|σε;ϕ0, π0⟩,

=

∫
dϕ0

∑
j

[
¯̃σj(ϕ0)σ̃

′′(ϕ0)− 2iπ̃0 ¯̃σj(ϕ0)σ̃
′
j(ϕ0)− ξ2j ¯̃σj(ϕ0)σ̃j(ϕ0)

]
+ V(¯̃σ, σ̃)

 ,

(2.16)

where π̃0 =
π0

επ2
0 − 1

, and ξj is an effective parameter that encodes the details of the

kinetic term in the fundamental GFT action under the isotropic restriction. The derivatives

denoted by ′ represent derivatives with respect to ϕ0. Finally, V(¯̃σ, σ̃) is the interaction

kernel, which is also determined by the underlying GFT model. For further details, please

refer to [22] and the references therein.

The interaction term in GFT models usually has complicate forms, even under the

isotropic restriction, and the corresponding dynamics are challenging to manage, even at
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the mean-field level. For practical reasons, many studies have previously neglected the

contribution from these interaction terms, assuming them to be subdominant compared to

the kinetic term∗. In contrast, the focus of this work is precisely on understanding how

these interaction terms influence the effective cosmological dynamics, particularly at late

times.

To this end, we take a phenomenological approach, where we model the interactions

using a general and simplified form. This approach, which has been utilized in previous

studies [63], allows for a more tractable analysis of the dynamics:

V(¯̃σ, σ̃) =
∑
j

(
2λj
nj

|σ̃j(ϕ0)|nj +
2µj
n′
j

|σ̃j(ϕ0)|n
′
j

)
, (2.17)

where the interaction couplings λj and µj correspond to each mode j, assumed to satisfy

the conditions |µj | ≪ |λj | ≪ |m2
j |. Additionally, we assume that n′

j > nj > 2. While

this approach is significantly simpler than full quantum geometric models, it still retains

several key features that are relevant, capturing essential aspects of what might be ex-

pected from a universal effective behaviour. It is important to note that, at this stage,

our effective action is not derived from a detailed underlying GFT model based on quan-

tum geometric principles. Instead, we opt for the interaction kernel in equation (2.17),

as it is both manageable and shares similarities with certain microscopic GFT theories,

such as those related to the EPRL model [17]. In this context, any GFT model capable

of reproducing this effective action—either under the mean-field approximation or with

some quantum corrections—would yield the same cosmic evolution that we explore in the

following sections.

Equation of motion. A crucial simplification arises from the structural absence of cross-

coupling terms between distinct modes in the action. This diagonal structure induces a

complete decoupling of equations of motion for different j-modes [17], rendering the system

analytically tractable. Notably, this structural feature manifests in prominent ‘fundamental

models’ of quantum gravity, including the EPRL spinfoam model and the Barrett-Crane

formulation [48] when restricted to their isotropic sector. However, such mode decoupling

constitutes a special property rather than a universal feature of GFTs. Generic GFT

actions [64] – particularly in Riemannian signature formulations – typically contain non-

diagonal interaction terms that entangle different modes, substantially complicating both

the perturbative analysis and non-perturbative treatment of the quantum theory.

The cosmological implications of monochromatic spin-mode interactions (where j-

spectrum truncation to a single mode is imposed) were systematically investigated in [63].

Their analysis revealed that such Planck-scale interactions induce novel quantum gravita-

tional corrections to effective universe dynamics. Particularly noteworthy is the emergence

of a transient inflationary phase during primordial evolution – a critical feature absent

in purely classical FLRW cosmology. This inflationary mechanism arises naturally from

the non-perturbative interference effects between discrete quantum geometry contributions,

∗ This assumption is also necessary for the perturbative formulation of the GFT quantum dynamics, where

the connection to spin foam models and the lattice gravity path integral becomes relevant.
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demonstrating how GFT condensate physics could bridge quantum gravity phenomenology

with standard cosmological paradigms.

Our work extends this prior investigation of quantum gravitational condensates by im-

plementing a multi-mode analysis that incorporates non-trivial j-spectrum contributions.

Through this generalized framework, we demonstrate the emergence of late-time effective

dark energy dynamics as a direct consequence of non-perturbative quantum gravitational

effects – without phenomenological insertion of exotic matter components. Crucially, while

our model retains standard matter content (including necessary clock degrees of freedom)

as required by relational quantization schemes, the observed cosmic acceleration arises

purely from the underlying quantum gravity dynamics. This mechanism provides a con-

crete realization where Planck-scale quantum geometry imprints persist in the cosmological

expansion history, challenging conventional dark energy paradigms through first-principles

quantum gravity effects.

The dynamics are encoded in the action (2.16), and for later convenience we can

transform the equation of motion into a more familiar hydrodynamic form∗. Varying the

action (2.16) with respect to ¯̃σj we get [22, 65]

σ̃′′
j − 2iπ̃0σ̃j − ξ2j σ̃j + 2λj |σ̃j |nj−2σ̃j + 2µj |σ̃j |n

′
j−2σ̃j = 0. (2.18)

Using the decomposition σ̃j(ϕ) = ρj(ϕ)e
iθj(ϕ) – where ρj ∈ R+ represents the condensate

number density and θj its quantum phase – transforms the complex dynamical equations

into coupled hydrodynamic relations. The global U(1) symmetry θj → θj + α in the

effective action generates a conserved Noether current, and the corresponding conserved

charge reads [17, 22]

Qj = (θ′j − π̃0)ρ
2
j . (2.19)

Using the definition of Qj we can write the module equation as following [22, 63]

ρ′′j −
Q2
j

ρ3j
−m2

jρj + λjρ
nj−1
j + µjρ

n′
j−1

j = 0. (2.20)

In this equation, we have introduced a new constant m2
j = ξ2j − π̃2

0. By integrating the

equation once, we can get another conserved quantity [17], due to the invariance under

“clock-time translation” [22, 63],

Ej =
1

2
(ρ′j)

2 − 1

2
m2
jρ

2
j +

Q2
j

2ρ2j
+

λj
nj

ρ
nj

j +
µj
n′
j

ρ
n′
j

j . (2.21)

2.3 Volume dynamics

We have mentioned that the universe evolution can be seen from the volume, in par-

ticular, for our condensate state |σ⟩, the expectation value of the volume operator V̂ can

∗ We will omit the subscript 0 in ϕ for simplicity when there’s no risk of confusion.
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be calculated as following [17, 21, 24]

V (ϕ0) = ⟨σε;ϕ0, π0|V̂ |σε;ϕ0, π0⟩
= ⟨σε;ϕ0, π0|

∫
dϕ
∑
x,x′

V (ι, ι′)δx−{ι},x′−{ι′}ĉ
†
x(ϕ)ĉx′(ϕ)|σε;ϕ0, π0⟩

≈
∑
j

Vjρj(ϕ0)
2. (2.22)

The volume contribution from each quantum (tetrahedron) in the spin j representation is

given by Vj ∝ l3pj
3/2, where lp denotes the Planck length. We also employ the intertwiner

normalization condition
∑

m Ij,ι+m Īj,ι
′
+

m = δι,ι′ . The approximation used in this analysis

consists of retaining only the dominant contribution to the saddle-point approximation

of the peaking function, which arises from our choice of state. To avoid confusion, we

reintroduce the subscript 0 for the given relational time ϕ0 at this stage [22].

Having derived the equation of motion (2.20) of condensate density ρj , we can recast

the volume dynamics in the form of modified FLRW equations [17]

(
V ′

3V

)2

=

2
∑

j Vj

√
2Ejρ2j −Q2

j +m2
jρ

4
j − 2

nj
λjρ

nj+2
j − 2

n′
j
µjρ

n′
j+2

j

3
∑

k Vkρ
2
k


2

, (2.23)

V ′′

V
=

2
∑

j Vj

[
2Ej + 2m2

jρ
2
j −

(
1 + 2

nj

)
λjρ

nj

j −
(
1 + 2

n′
j

)
µjρ

n′
j

j

]
∑

k Vkρ
2
k

, (2.24)

where the first order equation (2.21) is also used, and since only the expansion phase will

be considered in the current work, we have chosen the positive root of ρ′j in equation (2.21).

Classical regime. During the pre-interaction dominated phase of volumetric expansion,

the system transitions through an intermediate regime where the dynamics approximate

FLRW cosmology with a free massless scalar field [17, 22]. This occurs under the hierarchy

of scales: ρ2j ≫ Ej/m
2
j , ρ3j ≫ Q2

j/m
2
j , |µj |ρ

n′
j−2

j ≪ |λj |ρnj−2
j ≪ m2

j , under which the

fundamental equations (2.23) and (2.24) reduce to(
V ′

3V

)2

=

(
2
∑

j Vjmjρ
2
j

3
∑

k Vkρ
2
k

)2

,
V ′′

V
=

∑
j Vj

(
4m2

jρ
2
j

)
∑

k Vkρ
2
k

.

For a dominant spin mode j̃ with approximately constant mj̃
∗, we identify:

m2
j̃
≡ 3πG .

where G represents the effective dimensionless Newton constant. This yields the charac-

teristic FLRW equations in relational time:(
V ′

V

)2

=
V ′′

V
= 12πG.

∗ A sufficient but not necessary condition for FLWR emergence
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Notably, mode dominance dynamics [66] ensure rapid convergence to the lowest spin mode

j0, making m2
j0

= 3πG sufficient for classical recovery. This establishes GFT condensate

hydrodynamics as a viable pathway to classical cosmology at macroscopic scales, provided

interaction terms remain subdominant. Furthermore, single-mode dominance further in-

duces a direct proportionality between the Hubble parameter and volume evolution rate

[24, 63]:

H =
Q1

3

V ′

V . (2.25)

This critical relationship enables the extraction of the cosmological constant from micro-

scopic GFT parameters, as demonstrated in subsequent analysis.

The central question, therefore, is how the interactions within GFT influence the ef-

fective dynamics. This is the primary focus of the present work, which builds upon the

initial analyses conducted in [63, 67, 68] and further develops the framework introduced in

[24].

3 Effective equation of state and its dynamics

To characterize effective cosmological dynamics, one can model them as an effective

matter component defined entirely by its equation of state.

In a homogeneous universe, the matter content is modeled as a perfect fluid charac-

terized by energy density ρ and pressure p, related by the equation of state w = p/ρ. This

determines cosmological evolution; for instance, w < −1/3 leads to accelerated expansion.

Observations indicate w ≃ −1, consistent with cosmic acceleration, whereas standard mat-

ter corresponds to w = 1/3 (relativistic) or w = 0 (non-relativistic). While a cosmological

constant could reproduce this value, it raises questions about its origin, quantum dynam-

ics, interactions with quantum gravity, and temporal variation—central aspects of the dark

energy problem [26].

We now recast our emergent cosmological dynamics using this framework, expressed

via relational clock evolution.

For a homogeneous, isotropic metric with scale factor a(t), the Hubble parameter is

H = ȧ/a, where the dot denotes a comoving time derivative. The effective equation of

state becomes w = −1− 2Ḣ/(3H2). Using the relational clock (see section 2), it takes the

form [24]

w = 3− 2V V ′′

(V ′)2
, (3.1)

where V = a3 is the volume and primes denote derivatives with respect to relational time

ϕ.

3.1 w from single-mode GFT condensates

Before presenting our new analysis of interacting GFT cosmologies, we contextualize

key findings from previous work. The previous study [63] analyzed effective equation of
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state behavior under single-mode dominance, using the same mean-field approximation

employed here. While multi-mode scenarios introduce richer transitional dynamics and

modified convergence to asymptotic w values, this single-mode framework already reveals

crucial insights into how GFT interactions shape emergent cosmology.

For a single j mode, combining equations (2.23), (2.24), and (3.1) yields:

w =
−3Q2 + 4Eρ2 +m2ρ4 +

(
1− 4

n

)
λρn+2 +

(
1− 4

n′
)
µρn

′+2

−Q2 + 2Eρ2 +m2ρ4 − 2
nλρ

n+2 − 2
n′µρn

′+2
, (3.2)

where mode indices are omitted for simplicity. The direct proportionality V ∝ ρ2 enables

w(V ) analysis without solving equations of motion - a critical simplification facilitating

analytical progress.

Bounce. In the interaction-free limit (λ = µ = 0) at small condensate modulus ρ, the

equation of state reduces to:

w =
−3Q2 + 4Eρ2 +m2ρ4

−Q2 + 2Eρ2 +m2ρ4
.

The bounce condition −Q2 + 2Eρ2 +mρ4 = 0 determines the minimum volume:

ρb =
1

m

√√
E2 +m2Q2 − E.

At ρb, the numerator becomes negative, driving w → −∞ - characteristic of post-bounce

acceleration∗. Crucially, this inflationary phase terminates rapidly, with acceleration ending

at volumes comparable to Vb [63]. And we can see that when there’s a bounce, i.e., when

ρb ̸= 0, we must have Q ̸= 0. More generally, we will get a bounce if at least one Qj is

non-vanishing in all condensate modes [24, 66].

Phantom divide crossing. Single-mode dynamics permit limited phantom behavior:

• µ < 0 regime: Asymptotic w approaches 2− n′/2 with:

w → −1 (n′ = 6) or w < −1 (n′ > 6);

• Late time singularities: n′ > 6 creates divergent ρψ lead to Big Rip [69];

• Multi-mode resolution: Two-mode systems enable phantom crossing (w < −1)

while avoiding singularities through phantom de Sitter analogs [24, 70];

The critical distinction lies in mode competition - multiple modes regulate energy density

divergence despite phantom behavior, as detailed in subsequent analysis.

3.2 w from the two-modes GFT condensates

The analysis above has been extended to mean fields depending on two modes in [24].

We now provide a summary of the relevant results from this analysis before discussing

them in more detail in the next section.
∗ Acceleration follows from V ′′

b > 0 at the bounce (V ′
b = 0), consistent with (3.1) behavior as V → Vb.
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The interacting case with a single coupling λj. In the presence of interactions,

it becomes much harder to find an exact solution of the equation of motion (2.21), with

two modes contributing. Still, an approximate solution in the large volume region can be

obtained. In fact, when ρ is large, we can ignore Ej , Qj and mj terms in the equation of

motion (2.21), then we have approximately∗

ρ′j(ϕ) =

√
−λj

3
ρj(ϕ)

3, (3.3)

which can be solved to give [24]

ρj(ϕ) =
31/4√

2
√

−λj (ϕj∞ − ϕ)
. (3.4)

with ϕj∞ is a constant. We see that when interactions are included, the relational time

ϕ will have an upper bound, and the mode associated with the smallest asymptotic value

ϕj∞ governs the late-time dynamics. This leads to an asymptotic de Sitter-like phase. At

intermediate volumes, contributions from other modes remain significant, collectively driv-

ing the universe’s expansion. As demonstrated in [24], for vanishing high-order interaction

couplings (µ1 = µ2 = 0) and small λ1, λ2, the equation of state parameter w is dominated

by the free sector of the condensate at small volumes. In this regime, w approaches w = 1

from below as the volume increases, recovering the FLRW universe of standard cosmology.

However, at larger volumes, interaction terms progressively dictate the condensate dynam-

ics. When the scale parameters ρj (and consequently the volume) grow sufficiently large, w

becomes dominated by these interaction terms. For the specific case n1 = n2 = 6 (defining

the interaction order), w in this interaction-dominated regime depends solely on the ratio

r = ρ2/ρ1, yielding

w = −1−
4V1V2r

2
(
r2 −

√
λ1/λ2

)2
(√

λ1/λ2V1 + V2r4
)2 . (3.5)

Since the parameters are all real and both couplings λ1 and λ2 are assumed to be negative,

we see that w ≤ −1. Recall that when the volume is large, one of the two modes will

dominate over the other, and then we have r → 0 or r → ∞. In either case, w will

approach −1 from below, in contrast with the single mode case discussed previously.

When the universe volume gets larger, the ratio r gets smaller and we can expand

w respect to small r, such that the EoS can be expressed by only the total volume V as

following

w = −1− b

V , (3.6)

where b = 4V2ρ
2
2(ϕ1∞)> 0 is a positive constant.

∗ We have chosen µj = 0, λj < 0 and nj = 6, which are responsible for the emergence of the late time de

Sitter acceleration with EoS w = −1.
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Before proceeding, it is worth discussing the effects of including more than two conden-

sate modes. Let ϕ1∞ denote the smallest asymptotic value of the relational time for mode

ρ1. At very late times, the evolution is therefore governed by this mode, according to the

asymptotic solution (3.4). Introducing an additional mode with ϕ2∞ > ϕ1∞ modifies the

evolution by inducing a phantom phase before the onset of the de Sitter expansion, with-

out altering the asymptotic behavior. If a third mode ρ3 is included, we must require that

ϕ3∞ > ϕ2∞; otherwise, the ρ3 mode would dominate the phantom phase. Consequently, we

expect that the inclusion of additional modes primarily affects the cosmological evolution

before the phantom phase and should not significantly alter the main results presented in

the current work.

4 Detailed behaviour of the effective EoS in the two-mode case

In this section, we present several further results on the cosmological evolution, in

the same phenomenological model of quantum gravity condensates, in the two-mode case.

These include: a) an estimate of the location of the phantom crossing, and b) the explicit

expression of the asymptotic cosmological as a function of the parameters of the model and

the condensate state underlying it.

4.1 Location of phantom crossing

To determine the location of the phantom crossing along the cosmic history, we adopt

an indirect strategy. First, we argue that the position of phantom crossing is close to the

minimal point of w. Second, we identify the minimal point of w by solving the equation

w′ = 0, using the definition of w. Third, we solve the equation w′ = 0 approximately based

on the large volume solution and the assumption that at the minima the value of ϕ is close

to ϕ1, where the volume diverges.

The necessity of such an indirect strategy stems from the fact that, to get the exact

position of the phantom crossing, one should also consider the free terms and the resulting

equation is hard to solve analytically.

To be more precise, in principle, by substituting the solution (3.4) of ρj into total

volume (2.22), and then to the effective EoS (3.1), we can obtain w = w(ϕ). Solving

w(ϕ) = −1 will provide us with the position of the phantom crossing. However, in obtaining

the solution (3.4), we used the large volume approximation by ignoring all the free terms,

which results in an EoS always less than −1 [24], as shown by the approximation (3.5).

Therefore, to get a meaningful equation w(ϕ) = −1 we need to use the exact form of w.

This requires exact solutions of the equation of motion (2.21), which is quite difficult as

equation (2.21) is non-linear.

One can work around this by noting that the position of the phantom crossing must

lie between the end of the Friedman phase (where w ≃ 1) and the position where w

reaches its minimal value. We now show that the latter two positions are close to each

other.Furthermore, under the large volume approximation we are using, we can determine

the minimum value of w.
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Minimal value of w. We need to solve the equation w′ = 0. Taking derivative respect

to relational time ϕ on both sides of effective EoS (3.1), we obtain

w′ = −
2
[
(V ′)2 V ′′ − 2V (V ′′)2 + VV ′V ′′′

]
(V ′)3

. (4.1)

In the two-modes case, the total volume has the form

V(ϕ) = V1ρ
2
1(ϕ) + V2ρ

2
2(ϕ).

When the volume is large, substituting the total volume and the corresponding solutions

(3.4) into equation (4.1), we obtain

w′ =
4V1V2(λ1λ2)

3
2 (ϕ2∞ − ϕ1∞)2[

V2λ1

√
−λ2 (ϕ1∞ − ϕ)2 + V1

√
−λ1λ2 (ϕ2∞ − ϕ)2

]3
×
[
V2λ1

√
−λ2 (ϕ1∞ − ϕ)2 (2ϕ+ ϕ1∞ − 3ϕ2∞) + V1

√
−λ1λ2 (ϕ2∞ − ϕ)2 (2ϕ− 3ϕ1∞ + ϕ2∞)

]
.

(4.2)

We see that if ϕ1∞ = ϕ2∞ then w′ = 0 as we expected. For ϕ1∞ ̸= ϕ2∞, demanding

w′ = 0 is equivalent to require the second line of (4.2) to vanish, which provides us a cubic

equation of ϕ

V2λ1

√
−λ2 (ϕ1∞ − ϕ)2 (2ϕ+ ϕ1∞ − 3ϕ2∞) + V1

√
−λ1λ2 (ϕ2∞ − ϕ)2 (2ϕ− 3ϕ1∞ + ϕ2∞) = 0.

(4.3)

In principle, this equation can be solved exactly, but the exact solution is not that useful,

and for now it is sufficient to consider approximate solutions. In fact, at the minima the

value of ϕ is close to ϕ1∞, so we can assume that ϕ = ϕ1∞ − δ and then expand w′ with
respect to δ. At leading order, we have

w′ =
4V2λ1 (6δ + ϕ1∞ − ϕ2∞)

V1

√
λ1λ2(ϕ2∞ − ϕ1∞)2

. (4.4)

Solving w′ = 0 gives

δ =
ϕ2∞ − ϕ1∞

6
, (4.5)

which results in

Vmin,w = −3
√
3
(
V2λ1

√
−λ2 + 7V1

√
−λ1λ2

)
7λ1λ2 (ϕ2∞ − ϕ1∞)

=
3
√
3

7(ϕ2∞ − ϕ1∞)

( V2√
−λ2

+
7V1√
−λ1

)
,

(4.6)

wmin =
V2
2λ1 + 2401V2

1λ2 − 1106V1V2

√
λ1λ2(

V2

√
−λ1 + 49V1

√
−λ2

)2 = −1− 1008V1V2

√
λ1λ2(

V2

√
−λ1 + 49V1

√
−λ2

)2 .
(4.7)

Note that Vmin,w is of the same order as 1/
√
λj , around which the mass term m2

jρ
2
j

and interaction term λjρ
6
j/3 in the equation of motion (2.23) are of the same order. This
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indicates the end of the Friedman phase. Furthermore, the phantom crossing, where the

EoS w starts to become less than −1, should happen before w reaches its minimum. Since

Vmin,w is close to the end of the Friedman phase, we see that the universe becomes phantom-

like soon after the Friedman phase ends, and w will reach its minimum soon after phantom

crossing.

15 16 17 18

lnV
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−2.0

−1.5

−1.0

−0.5
w

Exact

w = −1− b
V

17.5 18.5
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−1.1

−1.0

Figure 2. The comparison between the exact value and approximate value of EoS w. Parameters

are V1 = 1/3,m2
1 = 3, E1 = 5, Q2

1 = 9,V2 = 1/2, m2
2 = 2, E2 = 9, Q2

2 = 2.25, λ1 = −10−8, λ2 =

−9.5× 10−8.

Beyond the minimum. On the other hand, as shown in figure 2, the approximation

(3.6) becomes accurate soon after w reaches its minimum value. In fact, we can substitute

Vmin,w into our approximation (3.6), and obtain

w = −1− 56V2

√
−λ1

3V2

√
−λ1 + 21V1

√
−λ2

= −1− 56V1V2

√
λ1λ2

3V1V2

√
λ1λ2 − 21V2

1λ2
. (4.8)

This is close to the minimal value (4.7), which means that w can be approximated using

(3.6) soon after w passes its minimum value. Furthermore, the approximation (3.6) ap-

proaches −1 quickly, hence in the phantom phase, w can only deviate from −1 significantly

near its minimum.

In figure 5(a) (see appendix A), we numerically show the evolution of the EoS parame-

ter w for three sets of parameters. We observe that the minimum value of w indeed occurs

near the point where it crosses the phantom divide at w = −1. However, to demonstrate

this result more generally for other values of parameters, one must rely on the approxima-

tion used above.

We conclude that after phantom crossing, w will approach its asymptotic value −1

quickly in our model. Therefore, if we are experiencing a phantom phase, the phantom

crossing must have happened recently. We emphasize that this is not trivial, as our model

unifies two observational facts:
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1. the phantom crossing happened recently, and

2. w deviates from −1 notably.

Our claim that these two facts are related in our model: w may have a notable deviation

from −1 if and only if the phantom phase has happened recently (at a low redshift).

4.2 Explicit form of cosmological constant

In our GFT model, a de Sitter phase with an effective cosmological constant emerges

asymptotically from the microscopic quantum dynamics of spacetime constituents. We can

determine the precise expression of such an effective cosmological constant as a function

of the microscopic parameters of the model and of the underlying quantum state of the

universe.

To do so, note that in the asymptotic large volume region, we can ignore the contribu-

tions from other terms and only keep (order-6) interactions in the equation of motion (2.23).

Furthermore, we have seen that in such a region only a single mode dominates [24], and we

can use the relation (2.25) between Hubble parameter H and the ratio V ′/V. Therefore,

in the asymptotic de Sitter regime we obtain

H2 =
8

9
Q2

1

(−λ1

6V 2
1

)
=

1

3

[
4Q2

1

3V 2
1

(−λ1)

]
. (4.9)

Comparing this equation with the ΛCDM model at late time, we see that the cosmological

constant is determined by the microscopic parameters of GFT model [63]

Λ =
4Q2

1

3V 2
1

(−λ1). (4.10)

Let us discuss the implications of this expression for Λ, and emphasise several points of

interest.

• Λ is determined by the parameters of a single mode despite the fact that two modes

are considered;

• for a non-vanishing Λ, we see that Q1 ̸= 0 is necessary; From the theory per se,

one can in principle consider the case where Qj vanishes for all modes j [22]∗, which

may provide us the Minkowski spacetime [17]. But equation (4.10) shows that, the

observation of a non-vanishing cosmological constant at late times would require that

the Q1 can’t be zero, in turn implying a quantum bounce [17], which resolves the Big

Bang singularity. In other words, the non-vanishing cosmological constant Λ itself

would be a remnant of the expansion history of our universe in the far past, similar to

the CMB (although of course of an entirely different kind); this indirect connection

between very early and very late universe dynamics (and thus very small and very

large scales) is quite intriguing, and only possible because we are in an emergent

spacetime framework.

∗ Cf equation (5.15) and section 5.5 in [22].
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In general, the value of Λ cannot be directly related to the bouncing scale, since

Λ is determined by the parameters of a single mode, whereas the bounce depends

on the collective contributions from all modes. This is because, in the bouncing

regime, the modulus ρj of each mode remains small, and no single mode dominates

the dynamics [24]. This is actually required, as to ensure that the scalar field ϕ

serves as a well-behaved relational clock, the sum of all Qj must vanish [22]. If

instead a single mode ρ1 were to dominate the dynamics from the beginning of the

bounce, then enforcing ϕ as a good clock would necessitate Q1 = 0, leading to a

vanishing cosmological constant. By contrast, when multiple modes contribute to the

bounce while a single mode dominates the late-time dynamics, it becomes possible to

satisfy
∑

j Qj = 0 and still retain a nonzero Q1, thereby allowing for a nonvanishing

cosmological constant.

Nevertheless, we can extract potentially relevant observational constraints, at least

qualitatively. On the one hand, Q1 can’t be too large, otherwise, we will have a

large cosmological constant Λ; on the other hand, Q1 contributes to the critical

energy density of the universe at the bounce [17], hence it can’t be too small, or we

would lose the established physics of the hot dense state of the universe in the very

early time, with spacetime dynamics still governed by the Friedmann evolution, since

the universe would enter instead quickly in a quantum gravity bouncing regime. In

principle, these two constrain can be used to narrow down the possible range of Q1

using observations (once we implement the more realistic matter contents into our

GFT formalism).

• Λ does not depend on mj , hence the mass renormalization of GFT model will not

change the value of cosmological constant; note also that mj is related to the effective

Newton’s constant, as emerging in the Friedmann phase of cosmic expansion; the two

key couplings of gravitational dynamics in classical GR are thus both emergent and

independent of each other in this quantum gravity model;

• V1 is the volume of a spacetime quantum in the condensate state governed by the

mean-field hydrodynamic equations we have recast as cosmological dynamics; it is

also the minimal volume that the universe can reach, since the dynamics tend to

favour the dominance of the minimal spin value j at late times; thus, the cosmological

constant carries another signature of the deep quantum gravity physics; this value,

moreover, is not affected by renormalization;

• Similarly, Q1 is an integral constant from the equation of motion, characterizing the

quantum state of the universe, and it is also unaffected by renormalization; they both

remain the same under renormalization.

• on the other hand, Λ depends on the coupling of the order-6 interaction, whose renor-

malization will therefore determine the running of the effective cosmological constant.

A complete RG analysis of quantum geometric TGFT models for 4d quantum gravity

is missing, thus we cannot give definite statements about how the underlying RG flow
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affects the effective cosmological constant. However, the analysis performed within

a Landau-Ginzburg approach in [49, 71] gives some interesting hints. It suggests

that, at a mean field level, a condensate phase can indeed be produced and that the

relevant critical point at low RG scale, which corresponds to a small-j regime, is a

Gaussian one, thus one of vanishing interaction couplings. This is consistent with our

mean field analysis of the cosmological dynamics, which is indeed restricted to small-j

modes, and it would suggest that in fact the effective cosmological constant would

be driven towards a vanishing value by the RG flow, even if it has a non-vanishing

bare value.

5 The deviation of Hubble parameter H0 compared to single mode case

In this section, we perform a more quantitative analysis of the way the presence of a

second dynamical spin mode increases the value of H0, with respect to the one determined

by a single mode, and thus by a non-dynamical cosmological constant. We hope this

represents a step toward a direct comparison of our emergent cosmological dynamics with

observational data, and hints at a possible quantum gravity resolution of the H0-tension

[37].

The method we follow is based on the one employed in [38]. The key steps are: 1.

to write down the single mode Friedmann equation, assuming that the preferred value of

Hubble parameter is H0 when we fit the cosmological data; 2. to express the effect of

introducing a second mode (akin to adding a phantom-like contribution to the Friedmann

equation (equation (5.6))) as a small modification δH of this base value; 3. to relate the

deviation δH0 of the current Hubble parameter and δH by the response function RH0 ,

which can be then computed (section 5.2); we also show that the regions where δH and

RH0 deviate from 0 overlap, so δH0 will indeed change (equation (5.17)); we do this by

showing that their minimal points are close. Again, this indirect procedure allows us to see

the effects of a second mode on the observed quantities, without solving the full evolution

equation in the two-modes dynamics.

We emphasise again that, in our model, radiation and non-relativistic matter are not

included, and thus a direct comparison of our GFT-derived cosmological dynamics with

observations is not possible. In this work, we try to achieve a less ambitious goal, that is

to show that the inclusion of a second mode will, rather generically, increase the value of

Hubble parameter H0 compared to the single mode case.

In the previous section, we have seen that the phantom crossing can only occur recently,

which enables us to regard the two-modes evolution as a slight modification of the single-

mode case at late times. Such modifications will change the values of the parameters in

our model, for example, the presence of phantom phase will increase the current Hubble

parameter H0 inferred from CMB data [38]. Since the parameters in the single mode case

are easier to fix using the observational data, the cosmological quantities in the presence of

a second mode can be deduced approximately. In particular, the Hubble parameter could

be expressed as H0 + δH0, where H0 is the value deduced from the single mode evolution

and δH0 is a small deviation.
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For a single mode, we can substitute equation (2.23) into equation (2.25) to obtain [63],

H2
single =

8Q2
1

9

(εQ1

V4
+

εE1

V3
+

εm1

V2
+ ελ1

)
, (5.1)

with the parameters

εQ1 = −Q2
1

2
V2
1 , εE1 = V1E1, εm1 =

m2
1

2
, ελ1 = − λ1

6V2
1

.

In terms of redshift z such that (1 + z)3 = V0/V for the current volume V0, equation (5.1)

can be written as

H2
single = H2

0

[
ΩQ1(1 + z)12 +ΩE1(1 + z)9 +Ωm1(1 + z)6 +Ωλ1

]
, (5.2)

where we defined

H2
0 =

8Q2
1

9

(
εQ1

V4
0

+
εE1

V3
0

+
εm1

V2
0

+ ελ1

)
,

ΩQ1 =
1

H2
0

8Q2
1

9

εQ1

V4
0

, ΩE1 =
1

H2
0

8Q2
1

9

εE1

V3
0

,

Ωm1 =
1

H2
0

8Q2
1

9

εm1

V2
0

, Ωλ1 =
1

H2
0

8Q2
1

9
ελ1 ,

such that ΩQ1 + ΩE1 + Ωm1 + Ωλ1 = 1, and the value of H0 can be determined by fitting

observed data. Since the current volume V0 should be very large, and εQ1 , εE1 and εm1

are of same order, one would expect that ΩQ1 ≪ ΩE1 ≪ Ωm1 , and in practice we can just

ignore ΩQ1 and ΩE1 for small red shift z. When the expansion is modified (for example by

including a second GFT mode), such that

H(H0) = Hsingle(H0) + δH, (5.3)

the preferred value of H0 will change, and the deviation can be given through the response

function RH0 as we can see below.

5.1 Deviation δH in the presence of the second mode

In the presence of the second mode, the expansion history of our universe is modi-

fied. Effectively, such modification can be viewed as adding a phantom matter with EoS

(3.6) [24], which can be rewritten using redshift z as

w = −1− b

V0
(1 + z)3,

= −1 + (1 + w0)(1 + z)3, (5.4)

where V0 is the current volume and redshift z satisfies (1 + z)3 = V0/V, and

w0 = −1− b

V0
, (5.5)
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is the current value of EoS. Then the modified expansion history in the presence of the

second mode has the form

H2 = H2
0

[
ΩQ1(1 + z)12 +ΩE1(1 + z)9 +Ωm1(1 + z)6 +Ωde

∫ z
0

3(1+w(z′))
1+z′ dz′

]
, (5.6)

with EoS w(z′) has the form of (5.4). Then, the relative modification δH/Hsingle is (for

simplicity, we ignore terms proportional to ΩQ1 and ΩE1 , since they are small)

δH

Hsingle
=

H −Hsingle

Hsingle
,

= −1 +

√
Ωm1(1 + z)6 +Ωλ1 exp {(1 + w0) [(1 + z)3 − 1]}

Ωm1(1 + z)6 +Ωλ1
. (5.7)

In the presence of the second mode, the universe will enter a phantom phase, thus we have

1+w0 < 0, which means δH/Hsingle is negative, as shown in figure 3(a). Furthermore, the

deviation is non-vanishing only around its minimal value, determined by

d

dz

δH

Hsingle
≈ 3(1 + w0)Ωλ1(1 + z)2

{
Ωm1(1 + z)3

[
(1 + z)3 − 2

]
− Ωλ1

}
2 [Ωm1(1 + z)6 +Ωλ1 ]

2 = 0,

where we used the fact that 1 + w0 is small. In our model, Ωm1 is usually much smaller

than Ωλ1
∗, hence the solution to the last equation can be approximated as

zmin,δH =

(
Ωλ1
Ωm1

) 1
6

− 1. (5.8)

In the next subsection, we show that this value is close to the minimal position of the

so-called response function RH0 (see equation (5.18) for definition), hence the modification

introduced by including a second mode will indeed change H0.

Our approximation (5.4) of w deviates from the exact one quickly when z is large (as

can be seen from figure 2), which results in a not that small deviation δH, as can be seen

from figure 3(a). From figure 3(b), we see that using the exact behaviour of w instead,

obtained by numerical methods, indeed improves the accuracy, and results in a smaller

deviation. However, the qualitative feature remains the same, and the approximation (5.4)

is useful when we try to determine the minimal point of the deviation, which is given by

equation (5.8).

More generally, as we show in the appendix A, using other sets of parameters would

not change the qualitative behaviour of the deviation δH/HSingle or the response function

RH0 , only the quantitative details are modified.

Let us also emphasize that in our model the choice of w0 is not independent of other

parameters. In fact, according to the relation (5.5) between w0 and V0, the value of w0

will determine V0 as well, which is used in defining the redshift z. In other words, the

choice of w0 will determine what we call ‘now’ in our model. Correspondingly, the value of

∗ This is acceptable as one would expect that the contribution from free massless scalar field (which has EoS

w = 1) should vanish faster than the radiation (which has w = 1/3), and the latter can already be ignored

nowadays.
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(b) Exact result

Figure 3. The deviation δH in the presence of the second mode. 3(a): obtained from the approx-

imated w (5.4), corresponds to the black line of figure 2; 3(b): obtained from the exact result of

w (calculated numerically), corresponds to red dashed line of figure 2. The numerical value of w

improves the accuracy of the result, but the qualitative result remains the same. Data are the same

as in figure 2.

relative energy density, such as Ωm1 and Ωλ1 will also change; this is due to the adoption

of a modified expansion history, but to the change of different reference point for z = 0.

This is different from the theoretical context of [38], where the definition of ‘now’ is given

once and for all, and correspondingly we only need one response function RH0 .

5.2 The response function RH0

Now, for a small deviation of the expansion history δH with the form of (5.3), the

preferred value of H0 when fitting with observed data should be changed such that [38]

H(H0 + δH0) = Hsingle(H0) + ∆H. (5.9)

Even though equation (5.9) looks similar to (5.3), they have different meanings. In fact,

equation (5.3) refers to the modification of the expansion history compared to the single

mode case Hsingle(H0) (due to the inclusion of an additional mode in our GFT model,

for example), indicated by the modification δH which leaves the current value H0 of the

Hubble parameter unchanged. On the other hand, in equation (5.9), we take into account

the fact that the value of H0 will also be modified when we fit the modified expansion

history to the observed data. After clarifying this point, we can now extract the δH0 (the

modification of H0) from the modified expansion history. At leading order, we have

∆H

Hsingle
=

H2
0

H2
single

δH0

H0
+

δH

Hsingle
. (5.10)

And in general, every cosmological quantity g(z) will have the variation as following [38]

∆g(z)

g(z)
= Ig(z)

δH0

Hsingle
+

∫ ∞

0

dxz
1 + xz

Rg(xz, z)
δH(xz)

Hsingle(xz)
. (5.11)
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In particular, for angular diameter distance [38]

dA(z) =
1

1 + z

∫ z

0

dz

H(z)
. (5.12)

To the first order of the variation, we have

∆dA(z) =
1

1 + z

∫ z

0

dz

H(H0 + δH0)
− 1

1 + z

∫ z

0

dz

Hsingle(H0)
,

=
1

1 + z

∫ z

0

dz

Hsingle(z) + ∆H(z)
− 1

1 + z

∫ z

0

dz

Hsingle(z)
,

= − 1

1 + z

∫ z

0

∆H

(Hsingle +∆H)Hsingle
dz,

≈ − 1

1 + z

∫ z

0

∆H

Hsingle

1

Hsingle
dz,

= − 1

1 + z

∫ z

0

H2
0

H3
single

δH0

H0
dz − 1

1 + z

∫ z

0

1

Hsingle

δH

Hsingle
dz, (5.13)

where in the 4-th line we have used the variation (5.10). Substituting the result into the

equation (5.11), we obtain,

IdA(z) = − 1

χ(z)

∫ z

0
dxz

H2
0

H3
single

, (5.14)

RdA(z) = −(1 + xz)
θ(z − xz)

χ(z)Hsingle(xz)
, (5.15)

where χ(z) is the conformal distance

χ(z) =

∫ z

0

dxz
Hsingle(xz)

. (5.16)

Substituting equation (5.16) and the FLRW equation for single mode (5.1) into equations

(5.14) and (5.15), we see that both IdA and RdA are independent of H0.

To see how the inclusion of a second mode changes the value of H0, we need a quantity

that is fixed for both one- and two-modes cases. At the current stage, the massless scalar

field is the only matter that couple to our GFT model, and a significant event would be

the end of the bounce scenario, where the scalar field starts to dominate the cosmological

evolution (with EoS w = 1) [24]. For example, we can consider the angular diameter

distance when bounce ends (with redshift z∗)∗, whose deviation due to the modification of

the expansion history is

∆d∗A
dA∗

= I∗dA
δH

H0
+

∫ ∞

0

dxz
1 + xz

R∗
dA

δH

Hsingle
,

where we write dA(z∗) (and similarly for I∗dA and R∗
dA
) for simplicity. The value of d∗A

is fixed by the bouncing scenario and should not change no matter how we modify the

∗ Currently, it’s unclear how to determine the exact value of z∗ in our GFT model, but the exact value of z∗
is not important as long as it’s large enough, because the inclusion of the second mode will only modify the

late time cosmology [24]. In the following, we simply take z∗ = 1000.
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expansion history, i.e., we require ∆d∗A ≃ 0. This provides us the variation of δH0 due to

the modification of expansion history [38]

δH0

H0
=

∫ ∞

0

dxz
1 + xz

RH0

δH

Hsingle
, (5.17)

where the response function

RH0 = −
R∗
dA

I∗dA
, (5.18)

which is also independent of H0 as same as I∗dA and R∗
dA
. Since H(z) ≥ 0 in the whole

history of our universe, we see that χ(z) > 0 and IdA < 0, RdA < 0, which results in

RH0 < 0 as well, as shown in figure 4. On the other hand, the appearance of the second

mode introduces phantom crossing, which results in a negative δH. Therefore, the preferred

value H0 will increase compared to the single mode case.
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Figure 4. The response functionRH0 . The data is the same as in figure 2. Note that for w0 = −1.03

we have V0 = 1.296 × 108. Then the Hubble parameter in Planck units is H0 = 3.5 × 10−4, much

larger than the value inferred from the Planck data, which in Planck units reads H0 = 1.18× 10−61

(in SI units the value is H0 = 67.4 km s−1 Mpc−1 [25]). The exact estimation of H0 in our model

from CMB data requires including the non-relativistic matter into GFT, which is out of reach for

the moment. And we leave this issue for future work.

Before we move on, let us take a closer look at the behaviour of response function RH0 .

For xz < z∗, we have

d

dxz
R∗
dA

= − 1

χ∗

[
1

Hsingle(xz)
− 1 + xz

Hsingle(xz)2
d

dxz
Hsingle(xz)

]
.

The minimal value is determined by d
dxz

R∗
dA

= 0, which requires

1

Hsingle(xz)
− 1 + xz

Hsingle(xz)2
d

dxz
Hsingle(xz) = 0.
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Substituting the FLRW equation for single mode (5.1), and ignore ΩQ1 and ΩE1 since they

are small, we get

6Ωm1(1 + z)6 = Ωm1(1 + z)6 +Ωλ1 . (5.19)

Therefore, at the minimal value of RH0 , we have the redshift

zmin,RH0
=

(
Ωλ1
5Ωm1

) 1
6

− 1, (5.20)

around which, we have Ωλ1 ≃ 5Ωm1(1 + z)6. Therefore, when the response function RH0

deviates from 0 significantly, we see that in the FLRW equation (5.1) the contribution from

matter term has the same order as the cosmological constant term. This is just where the

universe enters the phantom phase and the contribution from the second mode becomes

noticeable. This can also be seen from the fact that by comparing equations (5.8) and

(5.20)

zmin,RH0
=

1

51/6
zmin,δH +

1

51/6
− 1.

We see that zmin,RH0
and zmin,δH are close to each other, which means there would be an

overlap for the regions where H deviates from Hsingle and RH0 deviates from 0 respectively.

Therefore, the preferred Hubble parameter H0 changes indeed according to equation (5.17).

Substituting equations (5.18) and (5.7) into equation (5.17) we can get the change

of preferred H0 in the presence of the second mode. Several results for different w0 are

shown in table 1. We see that, when including a second mode into our GFT cosmology

model, the value of H0 inferred from data increases. Qualitatively, a second mode will

introduce a phantom phase where the energy density increases, hence elevate H0 above

the ΛCDM prediction under the CMB’s constraints on the Hubble parameter. In other

words, the effective phantom dynamics produced by quantum gravity interactions in our

GFT condensate cosmology can alleviate the Hubble tension by increasing H0 inferred from

CMB data [38].

Table 1. The deviation of H0 in the presence of second mode. The 4th column lists results

obtained using w in the approximated form (5.4), while the 5th column lists the result obtained

using numerical w from [24].

w0 V0 Ωm1

δH0/H0

(approx)

δH0/H0

(numerical)

−1.03 1.30× 108 1.79× 10−8 0.700 0.269

−1.06 6.92× 107 6.27× 10−8 0.706 0.271

−1.09 4.74× 107 1.34× 10−7 0.711 0.260

−1.12 3.61× 107 2.30× 10−7 0.715 0.253

We emphasize again that in GFT cosmology the choice of w0 (the current value of

EoS) will also change the current volume V0 and hence the energy density Ωm1 of matter.

This fact is also reflected in table 1.
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6 Conclusions

In this paper, we investigated several cosmological consequences of the presence of

two dynamical quantum geometric modes in GFT condensate cosmology in mean field

approximation, or, equivalently, in a hydrodynamics on minisuperspace framework. The

effects can be encoded in the effective EoS w. Based on earlier results we know that the two-

modes dynamics produces a late-time phantom phase in the evolution of the universe [24].

The first result has been to determine the location of the phantom crossing, i.e. when

w crosses the line w = −1. Noting that phantom crossing must happen between the end

of the Friedman phase and the minimum point of w, we showed that these two points of

cosmic evolution are close to each other. This allows us to determine that, in our model,

the universe will enter the de Sitter regime quickly after the phantom crossing, hence, if

we are experiencing a phantom phase, the phantom crossing must happen recently with a

low redshift.

In the de Sitter regime, the evolution is dominated by a single mode, and our second

result was to extract the precise value of the effective cosmological constant (4.10) as a

function of the microscopic parameters of our quantum gravity (GFT) model. Interestingly,

from the analysis of the resulting expression, we see that a non-vanishing Λ implies a

bounce in the very early universe, replacing the cosmological singularity. Therefore, Λ can

be viewed as a remnant of the history of the universe in the far past.

As a third main result, using the method from [38], we have shown how the second

mode changes the preferred value of H0 when we fit data using our GFT cosmology model.

We did it by approximately model the effects of the second quantum geometric mode in

terms of an effective phantom matter, and showing that the deviation δH is negative (figure

3) and that δH/H is non-vanishing only around its minimum point, which is also close to

the minimum point of response function RH0 , implying that the non-vanishing region of

δH/H and RH0 overlap. This is important as otherwise the current value H0 of the Hubble

parameter will not change no matter how the expansion history (5.6) is modified. Finally,

we obtained the deviation δH0/H0 of the current Hubble parameter H0, as shown in table

1, which is positive as we expected.

There are several ways to extend the scope of current work. We mention just a few.

First, it is important to include in our model a more realistic matter content. Our universe is

filled with non-relativistic matter, which has not been modelled yet in the GFT formalism.

Without such inclusion, it is hard to compare the cosmological evolution predicted by the

formalism with the actual cosmological data; once the inclusion is performed, on the other

hand, the same procedure of current work can be followed for extracting actual cosmological

predictions. Second, as we have seen that a non-vanishing cosmological constant implies

a bounce in the far past of the evolution history; our analysis should be deepened to a

more quantitative analysis of the precise details of the bouncing regime and its relation to

the asymptotic de Sitter one. Third, we can consider more than two modes. Although,

as mentioned earlier, the effects of additional modes on the phantom phase are expected

to be small, it is still worthwhile to examine how modifications before the phantom phase

may affect the preferred value of H0. Finally, we haven’t taken into account the quantum
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corrections to the mean field dynamics we considered, and the renormalization of the

underlying GFT quantum dynamics. On the one hand, as we have seen, the cosmological

constant (4.10) depends on the interaction coupling λ1, which is subject to change due to

the renormalization of the underlying quantum dynamics. A full renormalization analysis

of quantum geometric models would provide more information on why Λ is so small and

about its evolution through cosmic history. Moreover, the asymptotic de Sitter regime

lies in the dangerous regime of strong or at least non-negligible interactions, where the

mean field hydrodynamic approximation is not obviously valid, and thus its robustness

should be checked. However, a full renormalization analysis is currently beyond reach for

quantum geometric models, due to their analytic complexity. Thus, we have to resort to

approximate methods, also in this respect. The results of [49, 71] obtained via landau-

Ginsburg methods offer both some reassurance in this respect and a basis for further

developments: they support the picture of a condensate phase and a Gaussian critical

point in the low-spin regime, and give evidence for the suppression of fluctuations also in

the (weakly) interacting theory and the reliability of the mean field approximation also in

this regime. More refined analyses, of course, remain necessary. Despite these limitations

and necessary improvements, our results represent a concrete example of how quantum

gravity can provide an explanation for large-scale cosmological puzzles, in an emergent

spacetime scenario.
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A Numerical results from other sets of parameters

Figure 5 shows the numerical results for other sets of parameters. For the deviation of

the Hubble parameter and the response function, we fix the current value of the equation

of state to be w0 = −1.03 but change the underlying GFT parameters. We see that

the qualitative behaviour of w, δH/HSingle and RH0 are similar to each other, only the

quantities details changed. Therefore, we can expect that our analysis in the main text is

valid in general.
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