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ARTICLE INFO ABSTRACT

Editor: G Mandal The tidal deformation of compact objects, characterised by their Love numbers, provides insights into the internal
structure of neutron stars and black holes. While static bosonic tidal Love numbers vanish for black holes in
general relativity, it has been recently revealed that static fermionic tidal perturbations can induce non-zero
Love numbers for Kerr black holes. In this paper, we investigate the response of the Reissner-Nordstrom black
hole to the fermionic Weyl field. As a result, we find that the corresponding fermionic tidal Love numbers are

also non-vanishing for the Reissner-Nordstrom black holes except for the extremal ones, which highlights the
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universal distinct behavior of the static fermionic tidal Love numbers compared to the bosonic counterparts.

1. Introduction

The tidal deformability of compact objects, encoded in their tidal
Love numbers (TLNs), is a fundamental property that quantifies their
response to external perturbations [1-5]. In particular, TLNs are impor-
tant probes in gravitational-wave astronomy, as they affect the phase
evolution of binary inspiral signals and provide a route to detect the
internal structure of compact objects [6,7]. For example, TLNs of neu-
tron stars are non-zero and depend on the equation of state, allowing
for constraints on nuclear matter properties [3]. In contrast, as a result
of the hidden symmetries and ladder structures inherent in the linear
bosonic perturbation [8-19], black holes in general relativity exhibit a
striking simplicity: their static bosonic TLNs associated with perturba-
tions by scalar, electromagnetic, and gravitational fields—vanish identi-
cally [2,3,20-26]. These null responses align with the no-hair theorem
and underscore the unique nature of black holes among astrophysical
compact objects [20].

A natural and nontrivial question is whether the vanishing of static
Love numbers extends beyond bosonic perturbations. From the effec-
tive field theory perspective [27-29], TLNs correspond to response co-
efficients in a worldline description [30,31], and fermionic probes may
introduce new operator structures. Moreover, it is also important to test
whether the hidden symmetries and ladder structure, which are closely
related to the vanishing of static bosonic TLNs, persist in the fermionic
sector. As a first step towards the answer to this important question, the
authors in [32] have investigated the static fermionic perturbation of the

* Corresonding author.

Kerr black hole. In particular, by defining analogous fermionic TLNs to
the bosonic ones, they find that the resulting static fermionic TLNs are
non-vanishing, in sharp contrast to the aforementioned bosonic one.’
The purpose of this paper is to investigate what happens to the response
of the charged Reissner-Nordstrom (RN) black hole to the perturbation
by the Weyl neutrino field in the static limit. As a result, we find that the
corresponding static TLNs depend on the ratio of the black hole charge
to its mass, non-vanishing except in the extremal case Q = M, which
provides new insights into the tidal properties of black holes.

The paper is organized as follows. In Section 2, we first derive the
radial equation for the fermionic perturbation in the ingoing Eddington
coordinates of the RN black hole, and then select the regular branch of
the resulting exact solutions in the static limit w = 0 by analyzing the
asymptotical behavior of the solutions near the horizon. In Section 3,
we further expand the resulting regular solution near infinity and read
out the corresponding fermionic response, which turns out to be purely

! In some scenarios, black holes can also have non-vanishing static bosonic
TLNs. In particular, it has been shown very recently that not only does the elec-
tric charge lead to non-vanishing TLNs for the charged scalar perturbation on
top of the Kerr-Newmann and magnetic black holes [33,34], but also the non-
vanishing cosmological constant, extra spatial dimensions and quantum gravity
effect can result in non-zero TLNs for black holes [31,35-42]. In addition, it is
worth emphasizing that in the dynamical case, black holes generically exhibit
non-zero tidal responses, even for bosonic perturbations [43-45].
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real, indicating the generic non-zero fermionic TLNs. We conclude our
paper in Section 4 with some discussions.

Throughout the paper, we choose the metric signature to be
+--)

2. The Weyl equation in the RN black hole and its regular static
solution

The RN black hole can be written as follows

2 _ 2 b o 20 22,0 2 _9
= f(r)dt f(r)dr r=d6” — r” sin” 6de~, A, = p (dt)w 2.1)
where and the blackening factor f(r) reads
2
r=1-2 &, @2

with M and Q the mass and charge of the RN black hole. f(r) = 0 has

two roots
ro=M+VM2-0Q?, r_=M-\M?>-02, (2.3)

corresponding to the outer and inner horizons, respectively.

When discussing the TLNs, we need to consider the regular solutions
to the Weyl equation on the outer horizon. However, the metric (2.1)
has the coordinate singularity at r = r, making it difficult to investigate
the regularity of the Weyl neutrino field over there. This obstacle can
be well overcome by using the ingoing Eddington coordinate

v=t+r,, (2.4)

r*

=55 (r) . In terms of such

an ingoing Eddington coordinate, the metric (2 1) can be rewritten as

where r, is the tortoise coordinate, satisfying <= d

2 = f(r)du2 —2dvdr — r*d6? — r? sin® 0d(p2, (2.5)

which is obviously regular on the horizon r = r,.

As a normal procedure in the Newman-Penrose (NP) formalism (see
the Appendix A for a brief review), we introduce the null tetrads as
follows [46,47]

I# (1 LGS o) (2.62)
= (o ~1,0,0), (2.6b)
mh = - (0 0,1, smé‘) (2.60)
. __ i

P v (0,0,1, sine>’ (2.6d)

which are definitely regular on the outer horizon. Consequently, accord-
ing to the relation (A.10) between the null tetrads and the dyads, the
resulting dyads (0#,:14) are also regular at r = r,.. Therefore, the regular-
ity of a spinor field w* = y'o# + w%* only requires its components !
and y? to be regular on the outer horizon.

Using Eq. (A.19) we can calculate out the non-vanishing spin coeffi-
cients as

5:—&,‘0:M a:—ﬂ:COte,ﬂzé, (2.7)

4 2r ’ 2\/57'
Then substituting these spin coefficients (2.7) into Egs. (A.24a)
and (A.24b), we end up with the explicit expression for the Weyl equa-
tion

Vauwd =0 (2.8)
in the RN black hole as follows

! i i 1
[rf " +2/ )1+ re ) +ars ]u/

[\/Ecote+2\/_<——Li>]q/2=o, (2.92)
sin @ dg

d 0\ 2 _
[cot& 2\/_< smGz)q;)]W +4<1+0r>y/ =0. (2.9b)
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Note that our Weyl neutrino field is electrically neutral, so there is no di-
rect interaction between the Weyl neutrino field and the electromagnetic
field. Instead, they interact with each other in a indirect way through
the gravitational field.

2.1. Separation of variables

To solve the equations of motion (2.9a) and (2.9b) in the RN black
hole, we consider the following ansatz [32,47]

- RO ¢ Pty = R.(r)

WI® Vo

where S, (0, ) =

S, (0, p)e v, (2.10)

+l Y,,.(0, ) is the spin-weighted spherical harmonics

with s = J_r% [48,49]. For convenience, the explicit form and relevant
properties of (Y;,, are given in the Appendix B.

Substituting the ansatz (2.10) into our equations of motion (2.9a)
and (2.9b), we obtain the following coupled radial equations for R_
and R,

(—2iw+ d‘: >R_(r) - —Vf(R+( ), (2.11a)
4R = —AZ#R_(r), (2.11b)

dr,

where 4, and 4, are two separation constants, to be fixed through the
following angular equations [48,49]

= 1
3s, = —(09 bmeaﬂ 5cota)s =45,
1
35 = —(ag + smea‘ﬂ + Ecote)s_ = 1,5,
Comparing with Egs. (B.2) and (B.3) with s = + % we obtain
1/1 1
P 1—-(——) I+ =,
1 +1 73 3

=i -(3)l(5)-1 =1+

with the half integer / > %, which implies that

I+

A=Ay = A (2.12)

1
2
with the integer 4 > 1.

2.2. Selection of the regular static solution to the radial equations

To solve the radial Egs. (2.11a) and (2.11b), we can decouple R_ and
R, by taking a further derivative with respect to the radius r on both
sides of Eq. (2.11a) and eliminating dR, /dr using Eq. (2.11b). This will
result in a second-order equation for R_

2(z+ 1)(2z(z +D(ry —rOR" () + {Qz+ D)(ry —r_)
—diwlr, +(r, — r_)Z]Z}R,_(Z)>
- 2{ P2z + Dy —r0) +iolry + (ry —r)zl[r,Q22 + 2 - 1)

—r_z2(2z+3) }R_(z) - (2.13)

Here the prime denotes the derivative with respect to the dimensionless
variable z, which is defined as follows
r—r
zg=—"* (2.14)
ry—r_
We see that the dimensionless variable z — 0 as the radius r - r,, and
Z—>ocoasr — oo.
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For our present purpose, we shall focus on the static solution to
Eq. (2.13), which reduces in the static limit @ = 0 to the following much
simpler form

2z(1+ 2)R"(z) + (1 + 22)R’ (z) — 242R_(z) = 0. (2.15)
Whence one can obtain the corresponding exact solution

cysinh (24sinh™! /7 )
R_ = ¢ cosh (24sinh™! /2 ) + — . (2.16)

As alluded to before, the regularity amounts to requiring that both
R_/+/f and R, should remain finite on the outer horizon. Note that
our blackening factor f in terms of z reads

(ry —r_)?z(1 +z2)

=t 2T 2.17
/@ [ry + (ry —ro)z)? ¢ )
whose asymptotic behavior goes as
(rp —r_)z
@) - 45—, (2.18)
s

as one approaches the outer horizon z = 0.

Accordingly, as z — 0, R_/+/f has the following asymptotic behav-
ior
R ry ry

—_ - + .
VI GomryE e

To ensure the regularity at the outer horizon, we must set ¢; = 0. In ad-
dition, as explained later on, the TLNs are independent of the overall
factor ¢,. So for simplicity but without loss of generality, below we set
¢, = 1, which means that our regular solution R_ reduces to the follow-
ing form

sinh (24 sinh~" y/z)
2 '

The corresponding solution for R, can be derived from Eq. (2.11a) in
the static limit o = 0, reading

cosh (21 sinh™! \/E)

R+(Z) = —T.

which also behaves regularly as

R_(z) = (2.19)

(2.20)

1
R - ——
+32) 24

near the outer horizon. Thus we have accomplished the selection of the
regular static solution to the Weyl equation in the RN black hole.

3. The fermionic TLNs of the RN black hole

The response of an RN black hole to the fermionic Weyl perturba-
tions can be extracted from the asymptotic expansion of the previously
obtained static radial solution at infinity. As such, we like to resort to
the following mathematical relation [50]

L s sinh (24sinh™! /7 )
WFi(3-Ag+a3-z)= ———=
2 224/z

2 2
with , F; the hypergeometric function. Accordingly, our regular solu-
tion (2.19) can be rewritten as follows

11,3
R_(2) = V5, F, (5 - L3 A —z), (3.1)

which has the following asymptotic behavior as z — oo

. r(—%)r(zz 1) L

i+ 1)1"(1 + %)

PP () L k) MO |
421+1r<1 + %)F(—l + 1)
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1

4l+1 A3
T+ !
(ry—r )
20+1
| r Fo 241
x [(1+...)_m<1_z> (7) 1+ -)]. (3.2)

Here we have used the following identities of the I' function [50]

r(—%)r(21+1) Bz r(1+§) ) r(—1+%) _
r(1+1)r(1+§) S A+T r(1+%) __F(—l—%) -

with the dot denoting the sub-leading terms, which are irrelevant to our
discussion. In particular, the corresponding response is defined as the

21+1
coefficient of <r7+> in the square bracket [25,32,51], which reads

| ,o\ 21
F = (1 - —> , (3.3)

1 -
—Elm 421+1 ry

>

0| —

independent of the azimuthal number m due to the spherical symmetry
of the RN black hole.
Following the same procedure for R,, we can extract the resulting
response ¥, , which is related to 7_,, as i, =-F_1, . Using the
. . 2 2 2 2
dimensionless parameter ¢ = O/ M, we can express the above responses
of the RN black hole to the fermionic Weyl field perturbations as

2141

1_2
I PR Ll i (3.4)

3t 2(1+V1=-¢2)

where we have used Eq. (2.3) for r, and r_.
When ¢=0, we reproduce the corresponding result for the
Schwarzschild black hole [32]

F
+

1
PSch - .
wlim o (3.5)

whereby we can rewrite Eq. (3.4) as follows

21+1
. — pSch ZVl_qz
1+4/1-¢2

Accordingly, as the black hole under consideration is changed from the

Schwarzschild black hole to the extremal one, namely ¢ is increased from

0to 12, F,1,, deviates from Fsclhl larger and larger, becoming exactly
*3 *51m

F

+

(3.6)

5im 1
2 izlm

zero for the extremal black hole. On the other hand, for 0 < ¢ < 1, the

larger [ is, the closer to zero the ratio of 7 ; to PS5 s,
*3lm i%lm

Note that the RN black hole solution requires 0 < g < 1. As a result,
the fermionic responses (3.4) are purely real, indicating that

e the corresponding static fermionic TLNs, proportional to the real part

of 7,1, [32,51], are non-vanishing except in the case of the ex-
-2

tremal RN black hole with g = 1;
o the corresponding static fermionic dissipation numbers [52], propor-

tional to the imaginary part of 7, , are exactly zero, the same as
-2

the Kerr black hole result [32].

It is instructive to contrast our result with the bosonic case. For neu-
tral scalar, electromagnetic, and gravitational perturbations, the static
TLNs of black holes vanish identically. In contrast, the fermionic pertur-
bations lead to non-vanishing static response coefficients (except for ex-
tremal RN black holes). This highlights a qualitative distinction between
fermionic and bosonic probes of black hole spacetimes, suggesting that
the underlying symmetry responsible for vanishing bosonic TLNs does
not straightforwardly extend to the fermions.

2 As shown in Appendix C, Eq. (3.4) also applies to the extremal RN black
hole although the definition of the dimensionless variable z breaks down.



X. Pang, Y. Tian, H. Zhang et al.
4. Conclusions

In this paper we have derived, for the first time, the explicit expres-
sion for the static response of the RN black hole to the fermionic Weyl
field, which turns out to be purely real, in contrast to the purely imagi-
nary static response to the neutral bosonic fields. As a result, the static
fermionic TLNs of the RN black hole are non-zero except for the extremal
case. Along with [32], our work further underscores the importance of
considering fermionic fields in probing black hole properties.

There are also various generalizations worthy of further investiga-
tion. First, the response of the black hole to the bosonic fields depends
on the spacetime dimension [53]. So it is intriguing to see what hap-
pens to the response of the higher-dimensional RN black hole to the
fermionic fields. Second, our Weyl neutrino field is uncharged. But as
mentioned in the introduction section, the response of the black hole to
the charged scalar field demonstrates a distinct behavior. So it is also
interesting to consider the response of the RN black hole to the charged
fermionic Dirac field. Last but not least, so far what we have considered
is the static response, it is also important for us to explore the dynamic
response of the RN black hole to fermionic fields, although one is re-
quired to resort to numerics because one may have no exact solutions
any more for the dynamic case. We will report these potential general-
izations somewhere else in the future.
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Appendix A. The Newman-Penrose formalism

In this appendix we will provide a brief review of the NP formalism
as well as its relation with the spinors, whereby we derive the explicit
expression for the Weyl equation in curved spacetime. For more details,
please refer to [49,54,55].

The dyads. Every 2-spinor can be projected onto the spinor basis (0, 1)
w = ylot +y2h. (A1)
For simplicity, we can use the dyads (£5)* = (0, :4) denote the basis

(&)" =0t (&) =11

We choose the dyads such that (o#,:*) span the (%O) represent

(A.2)

space of the Lorentz group [56,57]. Their complex conjugate (04,:14")
then span the (O 1

'3 ), and the corresponding indices are decorated by a
prime.
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The skew metric. In the calculations involving spinor, it’s very useful to
introduce the skew metric [55]
AB _ AB _ AoB.

€ (A.3)

which is antisymmetric with respect to A and B. The one with lowered

indices can be given as the inverse of Eq. (A.3), such that [55]
ccac? =6}, (A4

We can use ¢4 to lower the indices of the spinor basis as follows

04 = €408, 1, = ep,i®, (A.5)

while the raising of the indices is given by?>

ot = eABoB, A = 4By (A.6)
Since €, is antisymmetric, we see that

voA = lAlA =0. (A.7)

Furthermore, if the dyads are normalised such that

ot = ot =1, (A.8)

the skew metric would be the two-dimensional Levi-Civita symbol [49,
55]

0 1

which is invariant under the action of S L(2, C) group.

(A.9)

The null tetrads. It’s well known that every null vector in 4d spacetime
can be written as a product of a spinor [49,54]. And for simplicity we
write the null tetrads e/ = (I#,n*, m*, m*) associated to the dyads (A.2)
as following [55]

A=A
) s ey =m' ~ o1,

el = mHt ~ AN (A.10)

_A!
et =F ~odoh, o F

whose coordinate index u can be lowered using the spacetime metric
g,y as usual

e (A11)

o = Buvey
And the ~ symbol in Eq. (A.10) indicates that the null tetrads can be
obtained from the products of dyads. For example,

"= oheY, (A.12)
where the matrices o# are defined as [49,58]
=L (I, ai),

V2

for the 2 x 2 identity matrix I and the Pauli matrices o'.
Using the Egs. (A.7) and (A.8), we can easily get the null metric

ol 0
=eey = ( 0 -0 >

In curved spacetimes, the null tetrads (A.10) are coordinate depen-
dent, whose behavior under covariant derivative can be measured by the
Ricci rotation coefficients [54]. In terms of components, these coefficients
read [59]

u

o (A13)

a (A.14)

S

Cape = (egp) e, el (A.15)

Finally, we denote the directional derivative along the null tetrads
as follows [49]

D =0""V,y =1"V,, (A.152)
A=AV, =0V, (A.15b)
5= "NV, =m'v,, (A.15¢)
§ =11V =V, (A.15d)

3 Note that the ordering of the indices is very important.
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The spin coefficients. The covariant derivative of the dyads can be given
by the spin coefficients [49]

Cparsa = (52)BVAA’(5A)B~ (A.16)
Or, in terms of components [54]
Tawrsa = (&) (Gwr)" (62) g Van (6)". (a17)

One can easily show that the spin coefficients are symmetric with respect
to the exchange of ¥ and A, and therefore, the spin coefficients Iyyrs s
have only 12 independent components.

The spin coefficients I'yyrz4 can be calculated using Ricci rotation
coefficients I',,. thanks to the following identity [54]

Tywrza = @) (Ew) " E)sVan @)
2@ E) & G @)Y an [P E® |-

For example, using Eq. (A.18) for I'yy o one obtains

(A.18)

1 Al AL = _ B
Toroo = 50"0" & G0y ¥ aw [oB(gA,) ]

%oAaA/oB [5B,VAA,(OBIB') —TB/VAA;<0863/)],
= %(Iulvvvm" —m, IV "),

U
= (ez)ne)e)’,

=I5,

where we have used the definition (A.10) of the null tetrads e, and T,
denotes the corresponding Ricci rotation coefficient given by Eq. (A.15).

It is customary to represent the components of spin coefficients us-
ing certain symbols, and Eq. (A.19) shows the definition of these sym-
bols [49] and their relation to Ricci rotation coefficients (A.15)

YA
00 10 11
\I/\I/, or 01
1
00 | k=Ts1 | €= 3 (T211 +T341) | m=Tan
_ 1
Fowsa = 10| p=T3u | o= 3 (T214 +T344) | A =Tayy
1
01 | o=Tg13 | = 3 (T213 +T'343) | 0= Taa3
1
11" | 7=T312 | y= = (To12 4+ s42) | v =Tas2
2 (A.19)

The Weyl equation. Finally, we can write down the Weyl equation in
the NP formalism

Vapwt =0 (A.20)
In terms of components, we have
EA/VAA/WA = EA/VAA/ (u/loA + y/2zA),

= Dy +y'0Y V0t + ) + w20V V 0, (A.21)
WVt =TV 0yl o +y it

= )+ TV w0t + (Ap?) + y AV 0t (A.22)

where we have used the definitions (A.15a)-(A.15d) of the directional
derivatives.*

Note that terms like 54’V , , 04 can be calculated using the following
identity

(EA’)AIVAA’(éll‘)A = " Taprpws

which can be proved by direct calculations. Using the identity (A.23)
we obtain

SA’ A E A A AA
0" Vw0 = )" Vaw ()" = e Tagno = Tigroo ~ Toorio = £ — &

(A.23)

4 When acting on components, for example !, the covariant derivative V =
0, is just the ordinary derivative, therefore Dy' = #9,y".
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A A _ (B A A _ AA
0" Vart™ = (o) Vaw ()" =€ Tagar = Nigor =Ly =@ =7,
A’ A _ (g A A _ AA
5V 00" = (617 Vaw €)™ =€ Tarpo =Tiroo = Torrio = 7 = B,
-A! A _ (B A A _ AA
5V at® = )" Vyu D" =€ Tapar =T —Lornn =v — u-

Consequently, the Weyl equation becomes [46]
D+p-ew' +G+a—-my? =0,
@+r=pw' +(A+y -y’ =0.

(A.24a)
(A.24b)

Appendix B. The spin-weighted spherical harmonics

The spin-weighted spherical harmonics can be defined explicitly
as [48,49]

_1\l+m—-s _
Yo 0.0 = D ,m(o\/(l+m)!(l m1QI + 1) i (9)

a—s < 47+ )1 — )

I-s
x %(—1)*(’ - S) (r i jf m> cot2rts=m (g) (B.1)

Such a definition reduces to the ordinary spherical harmonics when s =
0 and / is a positive integer, namely ,Y,,, = Y;,,. In addition, they satisfy
the following identities

.Y, = —(09 + ';90‘” - scotG’)SY,m =VIU+ 1) =s(s+ 1)1 Y (B.2)

s

—(09 -0, + scotB)SY,m = I+ 1) = 55 = 1),_, ¥, (B.3)

6SYIM = si

Appendix C. The static fermionic response of the extremal RN
black hole

For the extremal RN black hole with O = M, the blackening factor
f(r) becomes a total square

_ 2
o= (=1 €1
Consequently, the radial Egs. (2.11a) and (2.11b) reduce to
[—2iwr2 +(r— M)Z%] R_(r) = —A(r — M)R, (1), €.2)
= M) R,() = ~AR_(0). ©3)

Similar to the non-extremal case, we can eliminate R, (r) and obtain
the second-order equation for R_(r). But the dimensionless variable z
introduced in (2.14) is ill defined for the extremal case, so we like to
introduce a new dimensionless variable
5= r—M .
M

in terms of which the second-order equation for R_ can be written as

e d’R

o 5 . dR
—iZ(Z+2Mw +4AMwZ +2MwZ )d—

—(A%Z = 2i0M +2iMwz*)R_ =0. c.9
In the static case with @ = 0, the above equation becomes

d@’R dR
@R AR

— —A°R_ =0, C.5

Z 12 +z 1z _ ( )
whose general solution has the following form
R_(2) = ;7% + ¢, 7%, (C.6)

The regularity on the horizon requires us to set ¢; = 0. For simplicity but
without loss of generality, we can set ¢, = 1 as well. Accordingly, our
regular solution behaves as follows

I+1

R_(3) =% - 1
r—oo MH_,

(C.7)

2

at infinity, where we have used the fact that A =17+ % The absence of

vanishes

21+1
the (%) term in the large r expansion indicates that 7_,
2

in the extremal case. The same behavior applies to 7, .
2
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